GEOMETRIC PROPERTIES OF BOUNDARY SECTIONS OF SOLUTIONS 
TO THE MONGE-AMPERE EQUATION AND APPLICATIONS 

NAM Q. LE AND TRUYEN NGUYEN 

Abstract. In this paper, we establish several geometric properties of boundary sections of 
convex solutions to the Monge- Ampere equations: the engulfing and separating properties 
and volume estimates. As applications, we prove a covering lemma of Besicovitch type, a 
covering theorem and a strong type p —p estimate for the maximal function corresponding 
to boundary sections. Moreover, we show that the Monge-Ampere setting forms a space 
of homogeneous type. 



1. Introduction 

In recent years, there has been a growing interest in studying boundary regularity of so- 
lutions to the Monge-Ampere equation and its linearization, that is, the linearized Monge- 
Ampere equation. Solutions of many important problems in Analysis and Geometry 
require a deep understanding of boundary behaviors of the above Monge-Ampere type 
equations. Among those, one can mention the problems of global regularity of the affine 
maximal surface equation HTWli ITW2[ |L| and Abreu's equation in the context of exis- 
tence of Kahler metric of constant scalar curvature IIP 1 i ID21 |P3l ID41 IZhH . In these papers, 
the properties of boundary cross sections of solutions to the Monge-Ampere equation play 
an important role as those of interior sections in the landmark paper HC2H where Caffarelli 
discovered surprising interior W 2,p estimates for solutions to the Monge-Ampere equation 
with right hand side being continuous and bounded away from and oo. 



The notion of sections (or cross sections) of solutions to the Monge-Ampere equation 
(1.1) detD 2 = g in Q 

was first introduced and studied by Caffarelli flCl[|C21IC3llC4H . Sections are defined as 
sublevel sets of convex solutions after subtracting their supporting hyperplanes. Under- 
standing the geometry of sections is essential in obtaining sharp regularity properties for 
solutions of (11.11) . As a matter of fact, the structure of equation (11.11) is ultimately related 
to that of sections of its solutions, and by studying the shape of interior sections Caffarelli 
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derived fundamental interior regularity estimates for (II. It in the above mentioned papers. 
When the right hand side of the Monge-Ampere equation is only bounded, sections of 
solutions in the sense of Aleksandrov can have degenerate geometry. However, in many 
applications in Analysis and Geometry involving equations of Monge-Ampere type, we 
would like these sections to have properties similar to Euclidean balls as in uniformly 
elliptic equations. This is the case of interior sections through the work of Caffarelli 
Ell Ell EI , Caffarelli-Gutierrez llCGTllCG2l and Gutierrez-Huang llGHt The case of 
boundary sections is less well understood. However, thanks to Savin's Localization theo- 
rem ||SlllS2l at the boundary for solutions of (ll.lt . we expect many properties of interior 
sections hold also for boundary ones. This is the subject of our present paper. 

The purpose of this paper is to investigate several important geometric properties of 
boundary sections of convex solutions to the Monge-Ampere equation (ll.lt with right 
hand side bounded away from and oo and with smooth boundary data: engulfing and 
separating properties, and volume estimates. As applications, we prove a covering lemma 
of Besicovitch type and employ it to prove a covering theorem and a strong type p-p esti- 
mate for the maximal function with respect to boundary sections. Moreover, we introduce 
a quasi-distance induced by boundary sections and show that the structure of our Monge- 
Ampere equation gives rise to a space of homogeneous type. This allows us to place the 
Monge-Ampere setting in a more general context where many real analytic problems have 
been studied, see HCWIlDGLl . Our results are boundary version of those established by 
Caffarelli-Gutierrez HCG1I ICG21 Gutierrez-Huang UGHI and Aimar-Forzani-Toledano 
HAFTM for interior sections of solutions to equation (ll.lt (see also the book by Gutierrez 
llGlD . The results in this paper are crucial for our studies in HLN1||LN2| about boundary 
regularity for solutions to the linearized Monge-Ampere equation 

(1.2) trace(OD 2 w) = / in Q, 

where O := (detD 2 ^) (D 2 ^)' 1 with being a convex solution of (fTTTT) . In HLN1ULN21 . 
we investigate equation (1 1 .21) and establish global W 2 ' p and W 1,p estimates for its solutions 
which are boundary version of interior estimates obtained recently in HGNl||GN2l . 

The rest of the paper is organized as follows. We state our main results in Section |2] 
In Section [3j we recall the main tool to study geometric properties of boundary sections 
of solutions to the Monge-Ampere equation: the Localization theorem at the boundary 
for solutions. Geometric properties of boundary sections are established in Section HI In 
Section [51 we prove a Besicovitch-type covering lemma, a covering theorem and a strong 
type p-p estimate for the maximal function corresponding to boundary sections. Finally, 
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in Section [61 we show that the Monge- Ampere setting forms a space of homogeneous 
type. 

2. Statement of the main results 

The results in this paper hold under the following global information on the convex 
domain Q, and the convex function (p. We assume that 

(2.3) O. c Blip contains an interior ball of radius p tangent to dQ. at each point on dQ. 
Let (p : Q -» R, (p e C iU (Q) n C 2 (Q) be a convex function satisfying 

(2.4) detD 2 cf> = g, 0<A<g<A inn. 

Assume further that on dQ, (p separates quadratically from its tangent planes, namely 

(2.5) p \x - xq\ < (p(x) - 4>{xq) - V(p(xo) ■ (x - xo) < p" 1 \x - xo\ 2 , Vx, xq e d£l. 
The section of cp centered at x 6 Q with height h is defined by 

Sfa h):={yeQ: cp(y) < 0(x) + V0(x) ■ (y - x) + /?}• 

For i e II, we denote by ^(x) the maximal height of all sections of (p centered at x and 
contained in Q, that is, 

h(x) := sup{/i > 0| %A)cQ}, 

In this case, 5^(x, ^(x)) is called the maximal interior section of (p with center i e H. In 
what follows, we will drop the dependence on <p of sections when no confusion arises. 

We denote by c, c, C, Ci, C 2 , #o> &*,■■■, positive constants depending only on p, A, A, n, 
and their values may change from line to line whenever there is no possibility of confu- 
sion. We refer to such constants as universal constants. 

Our first result is the engulfing property of sections {S(x, t)}. 

Theorem 2.1. Assume that the convex domain Q and the convex function (p satisfy (12.31) - 
(12.51) . There exists 6* > depending only on p, A, A and n such that ifye 5(x, f) with 
x e D. and t > 0, then S (x, t) c S (y, 

In this case, we say that the sections {S (x, t)} of <p satisfy the engulfing property with 
the constant 6 t . 

The engulfing property of sections will be shown to be equivalent to the separating 
property of sections as stated in the following. 
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Proposition 2.2. (i) Assume that the convex domain Q and the convex function (p satisfy 
(12.3lHl2.5l) . Let 0* be the constant in Theorem \2.1\ Then, the sections {S(x, t)} of <p satisfy 
the separating property with the constant 8%, namely, ify £ S (x, t), then 

S(y,l)ns(*,l) = 0. 

( ii) Conversely, assume that the sections {S (x, t)} of a convex function <p defined on a 
convex domain Q satisfy the separating property with the constant 9. Then the sections 
{S(x, t)} satisfy the engulfing property with the constant 6 2 . 

A key in the proof of Theorem 12.11 is a dichotomy for sections of solutions to the 
Monge- Ampere equation: any section is either an interior section or included in a bound- 
ary section with comparable height. Thus, when dealing with sections, we can focus 
our attention to only interior sections and boundary sections. The precise statement is as 
follows. 

Proposition 2.3. Assume that the convex domain Q. and the convex function (p satisfy 
(I2.3I) - (I2.5I) . Let S(xo,to) be a section of (p with xo £ Q. and t > 0. Then one of the 
following is true: 

(i) S(xo, 2to) is an interior section, that is, S(xq, 2to) c Q; 

(ii) S(xo,2to) is included in a boundary section with comparable height, that is, 
there exists z £ dQ. such that 

S(x ,2t Q ) c S(z,ct ). 

Here c > 1 is a constant depending only on p, A, A and n. 

As an application of the dichotomy of sections, we obtain the following volume growth 
of sections. 

Corollary 2.4. Assume that the convex domain Q and the convex function (p satisfy (12.31) - 
(12.51) . Then, there exist constants cq, C\ , C2 depending only on p, A, A and n such that for 
any section S^,(x, t) with x £ Q. and t < cq, we have 

(2.6) C x f 12 <\S^{x,t)\<C 2 f 12 . 

By exploiting the geometric properties of boundary sections, we obtain the following 
covering lemma of Besicovitch type. 

Lemma 2.5. Assume that the convex domain Q. and the convex function (p satisfy (12.31) - 
(12.51) . Let A c H and suppose that for each x £ A a section S(x, t) is given such that t 
is bounded by a fixed number M. If we denote by T the family of all these sections, then 
there exists a countable subfamily ofT, {S(xt, tk)}™ =v with the following properties: 
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(i) AciXiSGc*,ft); 

(ii) x k t U j<k S(xj,tj) Vfc>2; 

\ CO 

in Theorem 12. 1 \ 

(iv) There exists a constant K > depending only on p, A, A and n such that 



(iii) The family {S(Xk, -)}T=i zs disjoint, where a = 2Ql, and 8* is the engulfing constant 



^jXs(x k ,(i-s)t k )(x) <K\og- for all < s < 1 . 



Our next result is the following covering theorem. 

Theorem 2.6. Assume that the convex domain Q and the convex function </> satisfy (12.31) - 
( 12.51) . Le? (9 c Q. open and s > small. Suppose that for each x £ O a section S (x, t x ) is 
given with 

\S(x,t x )nO\ = 
\S(x,t x )\ S - 

Then if sup {t x : x e 0} < +oo, there exists a countable subfamily of sections {S(xt, h)} k x L l 
satisfying 

(i) OclXi 

(ii) \0\< ^\{JZiS(x k ,t k )\. 

As an application of the covering lemma, we have the following global strong-type 
p - p estimate for the maximal function with respect to sections. 



Theorem 2.7. Assume that the convex domain Q and the convex function </> satisfy (12.31 
(1231) . ForfeL l (0), define 

M(f)(x) := sup — !— f \f(y)\ dy Vx 6 Q. 

f>0 |J Ul JS^(x,t) 

Then we have 

(i) TTzere existo a constant C depending only on p, A, A and n such that 

|{xeQ:M(/)(x)>/?}|<f f |/(y)|Jv Vj8 > 0. 

P Jn 

(ii) For any \ < p < oo, there exists C depending only on p,p, A, A and n such that 



f \M<j)(x)\" dx\ <c( f \f(y)\ p dy 
Jn / \Jn 



Finally, we obtain that the function d : D. x Q — > [0, oo), defined by 

d{x,y) := inf {r > : x e S^(y, r) and y 6 S ^(x, r)} Vx,y € Q, 
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is a quasi-distance on Q,. Moreover, (Q, d, \ ■ |) is a space of homogeneous type where | • | 
denotes the 77-dimensional Lebesgue measure restricted to Q. The precise statements of 
these are given in Section |6] 

3. Sections of the Monge- Ampere equation and the Localization theorem 

In this section, we recall the main tool to study geometric properties of boundary 
sections of solutions to the Monge-Ampere equation: the Localization theorem at the 
boundary for solutions to the Monge-Ampere equation (Theorem 13 .11 1. Properties of so- 
lutions under suitable rescalings and global regularity for gradient will also be discussed. 
Throughout this section, we assume that the convex domain Q. and the convex function (p 
satisfy (l23T)-(l23T). 

3.1. The Localization Theorem. We now focus on sections centered at a point on the 
boundary dQ, and describe their geometry. Assume this boundary point to be and by 
(12.31) . we can also assume that 

(3.7) B p (pe n ) c Q c{x B >0)nfii, 

p 

where p > is the constant given by condition (12.31) . After subtracting a linear function, 
we can assume further that 

(3.8) 0(0) = 0, V0(O) = 0. 
Let us denote 

S(h):=S^0,h). 

If the boundary data has quadratic growth near the hyperplane {x n = 0} then, as h — > 0, 
S (h) is equivalent to a half-ellipsoid centered at 0. This is the content of the Localization 
Theorem proved by Savin in [[SI1IS21 . Precisely, this theorem reads as follows. 

Theorem 3.1 (Localization Theorem [|STllS2l ). Assume that Q. satisfies (13.71) and <p satis- 
fies (I241).(I3T8T). and 

p\x\ 2 < 4>{x) <p~ Y \x\ 2 on dQ,C\ {x n < p}. 

Then, for each h < k there exists an ellipsoid £/, of volume co n h n/2 such that 

kE h n Q c S(h) c k~ l E h n Q. 

Moreover, the ellipsoid Eh is obtained from the ball of radius h 1 ^ 2 by a linear transforma- 
tion A^ 1 (sliding along the x n = plane) 

A h E h = h 1/2 B u detA h = 1, 

A h (x) = X - ThX n , Th = (Ti, T2, . . ■ , T„_i, 0), 
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with \Th\<k 1 1 log h\. The constant k above depends only on p, A, A, n. 

The ellipsoid E h , or equivalently the linear map A h , provides useful information about 
the behavior of (p near the origin. From Theorem 13 .ll we also control the shape of sections 
that are tangent to dQ at the origin. 

Proposition 3.2. Let (p and Q satisfy the hypotheses of the Localization Theorem I3.il at 
the origin. Assume that for some y e Q the section S Q(y,h) c Q is tangent to dQ at 
for some h < c with c universal, that is, dS^(y, h) n dQ = {0}. Then there exists a small 
positive constant ko < k depending only on p, A, A and n such that 

= ae n for some a e [koh l/2 ,kQ l h i/2 ], 

k E h c 5 Cv, h)-yc k^E h , k h l/2 < distiy, dQ) < k l h U2 , 
with Eh and k the ellipsoid and constant defined in the Localization Theorem 13.71 

Proposition |3.2| is a consequence of Theorem 13 . 1 1 and was proved in llS3l . 

The quadratic separation from tangent planes on the boundary for solutions to the 
Monge- Ampere equation is a crucial assumption in the Localization Theorem |3.11 This is 
the case for solutions to the Monge- Ampere with the right hand side bounded away from 
and oo and smooth boundary data as proved in [|S2l Proposition 3.2]. In particular, the 
quadratic separation property holds if 

(p \ga, dQ e C 3 , and Q is uniformly convex. 

3.2. Properties of the rescaled functions. Let (p and Q satisfy the hypotheses of the 
Localization Theorem I3TI at the origin. We know that for all h < k, S(h) satisfies 

kE h DQc S(h) c k~ x E h , 

with A/, being a linear transformation and 

det A h = 1, E h = AJ^B/ji/2, A h x = x - ThX n 

T h -e„=0, HA, 1 1|, NAftll < fc-^log/il. 

This gives 

(3-9) QnB + chl/2/{loghl c S(h) c 7^ 1/2|log/i| c B^ IA . 

We denote the rescaled functions by 

<p(h 1/2 A7 l x) 

Mx) ■= u h • 

h 
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The function fa, is continuous and is defined in CI/, with Cl h := h 1/2 Ai,Cl, and solves the 
Monge-Ampere equation 

detD 2 0A = g h (x), A < g h (x) := g{h yl2 A~ x x) < A. 

The section at height 1 for fa, centered at the origin satisfies 5^(0, 1) = h~ l/2 A h S (h), and 
by the localization theorem we obtain 

Some properties of the rescaled function fa was established in ULSl Lemma 4.2]. For 
later use, we record them here. 

Lemma 3.3. Ifh<c, then 

a) for any x, x e dCl h D B 2 /k we have 

j \x - x Q \ 2 < fa(x) - fa,(x Q ) - V(f> h (x )(x - x ) < Ap~ x \x - x | 2 , 

b) ifr<c small, we have 

\V<f> h \ < Cr\ log r\ 2 in Q h n B r . 

3.3. Global regularity. We note that if cp satisfies (I24l)-(T231). then for any v e R" the 
function <p(x) := <f>(x) + v • x also satisfies (12.41) — (12.51) with the same constants. As a 
result, under our hypotheses the gradient of (p is not bounded by any universal constant. 
Nevertheless, the oscillation of Vcp is globally bounded thanks to ULSl Proposition 2.6]. 
We record this result and its direct consequence in the next lemma. 

Lemma 3.4. Assume that the convex domain Q and the convex function (p satisfy (12.31) - 
(12.5b . Then there exist constants a 6 (0, 1) and C > depending only on p, A, A and n 
such that 

[ V< ^c«(n) ^ c - 

As a consequence, there is a universal constant M > satisfying 

S^(x , M) D Q, for all x e Q.. 

Proof. The global C ff -estimate for the gradient is from [|LS[ Proposition 2.6]. Now let 
*o 6 CI. Then for any x e CI, we have 

fax) - fax ) - Vfaxo) ■ (x - xo) < [V0] CB(S) \x - x \ i+a < C(2p- l ) l+a =: M. 

Thus CI c S$(xo, M) and the lemma follows. □ 
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4. Geometric properties of sections 

In this section, we establish several important properties of boundary sections of solu- 
tions to the Monge-Ampere equation. Unless otherwise stated, the convex domain Q and 
the convex function (p are assumed to satisfy (|2.3I )- (|2.5I ). Under these conditions, we will 
show that sections of (f> satisfies a dichotomy, the engulfing and separating properties, and 
their volumes have expected growth. 

4.1. Dichotomy of sections and volume growth. In this subsection, we shall prove 
the volume growth of sections and a dichotomy for sections of solutions to the Monge- 
Ampere equation: any section is either an interior section or included in a boundary sec- 
tion with comparable height. We begin with the proof of Proposition [23] 

Proof of Proposition ^. 3\ It suffices to consider the case xq e Q,. Let S(xo,h(xo)) be the 
maximal interior section with center x , and let h := h(x ). If to < h/2 then (z) is satisfied. 
We now consider the case h/2 < t and show that (ii) holds. Without loss of generality, 
we assume that Q. c R" , dS $(xo, h) is tangent to dQ, at 0, and 0(0) = V0(O) = 0. It follows 
that = cp(xo) - V0(x o ) ■ x + h yielding 

(4.10) S,p(xo,t) = {xeTi:(/)(x)<V(/)(xo)-x + t-h} V? > 0. 
Next, we have 

Claim: There exists a small constant c > depending only on p, A, A and n such that 
if h/2 < t < c, then 

(4.1 1) S,p(xo, 2t ) c S,(0, f) with f := k 4 h + 2(2t - h). 
Indeed, if c is small, we have, by Proposition |X2] 

(4.12) V0(jc o ) = ae„ for some a e [k h 1/2 , k^h 1 ' 2 ], 

where k > depends only on p, A, A and n. It follows from (14.101) and (14.121) that 

S^ixo, 2to) = {x 6 Q. : (p(x) < ax n + 2to - h\. 

Let us choose c > small enough such that 

k 4 h + 2(2f -h)< 2k Q 4 c + Ac < k, 

where k is the constant in the Localization Theorem 13.11 With this choice of c, we are 
going to show that (14.1 II ) holds. Suppose otherwise that (14.1 II) is not true. Then, using the 
convexity of the sets S <p(xo, 2to) and 5^,(0, f) and the fact that their closures both contain 
0, we can find a point xeO such that x e dS <p(0, f) HS^Xo, 2t ). At this point x, we have 

kffi + 2(2/o -h) = t* = <p(x) < ax n + 2t -h< k G l h lll x n + 2t - h. 



10 



NAM Q. LE AND TRUYEN NGUYEN 



Hence, 

k 4 h + 2t Q -h 

k-wi < Xn - 

This together with the Localization Theorem 13 . 1 1 applied to 5^(0, k^h + 2(2t - h)) gives 

k n 4 h + 2t -h . / ._ - \i/2 ,/ - \i/2 

° r ,- hm < r 1 (k Q 4 h + 2(2t - h)) < k l (k 4 h + 2(2t - h)) , 

or 

k 4 h + 2t -h< k- 2 h {/1 (k^h + 2(2t - h)f' 2 . 

Squaring, we get 

k^h 2 + 2k' Q A h(2t Q -h) + (2t - hf < k Q 4 h (k 4 h + 2(2t - h)\ 

and as a consequence, (2t -h) 2 < 0. This is a contradiction and hence the claim is proved. 

Let c := max {2k^ 4 + 4, M/c}, where M is the universal constant given by Lemma I3~4l 
Then from the claim and since 

f < (2k^ 4 + 4)t < ct , 

we see that (ii) holds if h/2 < to < c. 

In the case c < t , by using Lemma [3~4l we obtain 

- M 

5 (x o ,2?o) c Q. c S (O,M) c 5^(0, — t Q ) c 5 (O,cf o ) 

and thus (ii) also holds true. □ 

As an application of the dichotomy of sections, we obtain their volume growth. 

Proof of Corollary \2. 4\ Let c := k/c, where k, c are the constants in Theorem 13. II and 
Proposition 12 .3 [ respectively. Let S(x , t ) be a section with t < c . If x 6 dQ. then by the 
Localization Theorem 13 . 1 1 we get the desired result. 

Now, we suppose that xq e Q, and let S(xo, h(xo)) be the maximal interior section with 
center x . For simplicity, we denote h := h(x ). If to < h/2, then the result follows from 
the volume growth of interior sections; see [[Gj Corollary 3.2.4]. Therefore, it remains to 
consider the case h/2 < t < c . 

In this case, by Proposition 12.31 we have S (x , 2t ) c S (z, ct ) for some z 6 dQ. Hence, 
by applying Theorem 13.11 we obtain the second inequality in (12.61) . To prove the first 
inequality in (12.61) . we first note that, if to < 2h then 

Here, the second inequality follows from the volume growth of interior sections; see [El 
Corollary 3.2.4]. Next, suppose that t > 2h. Without loss of generality, we assume that 
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Q. c R", dS(x ,h) is tangent to dQ. at 0, and 0(0) = V>(0) = 0. Then by exactly the same 
arguments as in the proof of Proposition 12.31 we get for some positive number a 

S(x , to) = {x e Q. : (p(x) < ax n + t - h). 

Using this and the fact x n > in Q, we can conclude that 

S(x , to) D{xeH: 0(jc) < t - h} d {x g Q, : 0(jc) < |} = S,(0, |) 

which together with the Localization Theorem 13 . 1 l yields the first inequality in (12.6I ). □ 

4.2. Engulfing and separating properties of sections. In this subsection, we will estab- 
lish two important tools: the engulfing and separating properties of sections, Theorem l2.ll 
and Proposition [2T2l respectively. These properties are equivalent. 

As a first step in the proof of Theorem 12.11 we prove the engulfing property when the 
center x lies on the boundary, that is, S,p(x,t) is a boundary section. Without loss of 
generality, we assume that x is the origin and we write S(t) for 5^(0, t). Furthermore, we 
assume that (p and Q. satisfy the hypotheses of the Localization Theorem 13 .H at the origin. 

Lemma 4.1. There exists 6 > depending only on p, A, A and n such that ifXe S(t) 
with t > 0, then 

S(t)cS#(X,8ot). 

Proof. Let t < cq with Co < k to be chosen later, where k = k(p, A, A, n) is the small 
constant in the Localization Theorem 13. li Let us consider h e [t,k]. Let A h be the linear 
transformation associated with the section S{h) as determined by the above theorem. Let 

<t>{h xl2 A7 l z) ... 
Mz) := — , for z e Q h := h~ 1/2 A h n. 

h 

For X, Y G S (t), we define 

x := hT ll2 A h X, y := h~ l/2 A h Y. 

Then 

5^(0, 1) = h' l/2 A h S(h); x,ye 5^(0, f ) 

and furthermore, 

h<P(Y) - <p(X) - V0(X) • (7 - X)] = <f> h (y) - <f> h (x) - V<t> h {x) ■ (y - x). 
h 

By Lemma 13.31 (a), fa also satisfies the hypotheses of the Localization Theorem 13.11 in 
S^(0, 1). Hence, by (13.91) , we have for C universal 

\x\,\y\<C(j) l/2 \log(j)\. 
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Now, we take h > satisfying t/h = 1 jM\ with M\ > 1 is chosen so that 

C{j) m \log{j)\ = CM\ m logM x < c, 

where c is determined by Lemma 1331 Given this choice of M\, it suffices to take c := 
so as to have h e [t, k]. Then, by Lemma 1331 (b). 

|V^(x)| < c\logc\ 2 . 

Thus, 

U<KY) - <p{X) - V0(X) • (Y - X)] = My) - Ux) - V^(x) ■ (y - x) < 1 + 2c 2 \logc\ 2 
n n 

implying 

Y eS+(X,(l +2M lC 2 \logc\ 2 )t). 
Hence for any X e S(t) with t < c , we get 

5(f)c5 (X,(l + 2M lC 2 |/ogc| 2 )0. 
In the case X e S(t) with f > Co, then by using Lemma [3~4l we obtain 

S{t)cQcS^X,Af)cS^X,—t). 

Co 

Therefore, by taking 9 := max {1 + 2M { c 2 \logc\ 2 , M/c }, we see that 5(f) c S^X, G t) for 
any t > 0. □ 

We are now ready to give the proof of Theorem 12.11 

Proof of Theorem \2J\ By Lemma l4.1[ it remains to consider the case x e Q. Let S (x, h(x)) 
be the maximal interior section with center x. 

If t < h(x)/2 then S(x, 2f) is an interior section and the result follows from the engulfing 
properties of interior sections of the Monge- Ampere equation with bounded right hand 
side (see the proof of Theorem 3.3.7 in flGl), namely, 

S(x, t) c S(y,6t) 

for some 8 depending only on A, A and n. 

Now, consider the case h(x)/2 < t. Then Proposition [23J implies that 

S(x,2t)cS(z,ct) 

for some z e d£l. Since y e S (z, ct), by the engulfing property of boundary sections from 
Lemma |4~T1 we have 

S(z,ct)cS(y,6 ct). 

Therefore the result follows with 6* := max{#, 6 c} noting that S (x, t) c S (z, ct). □ 
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Finally, we prove the separating property of sections. 

Proof of Proposition ^. 21 (i) Suppose that y £ S(x, t). If z e S(y, j*) D S(x, j?), then, by 
Theorem 12. 11 

This implies that y, jc e S(z, ^-) and also by the engulfing property that S(z, j-) c S(x, f)- 
Therefore, y £ S(x, t) which is a contradiction and so S(y,^)C\ S(x, j*) = 0. 
(ii) Suppose y 6 S(x, t). We need to prove that 

(4.13) S(x,t) C S(y,9 2 t). 
Suppose that it is not true. Then, we can find z £ S (x, t) such that 

(4.14) ztS(y,9 2 t). 

Since y, z e S (x, t), it follows from the separating property that 

(4.15) xeS(y,Gt)nS(z,9t). 

Applying the separating property to (I4.14I ). we get S (z, 6t) n S (y, 0?) = 0. This is a contra- 
diction to (14.151) . Hence (14.131) holds as desired. □ 

5. A COVERING THEOREM AND MAXIMAL FUNCTION ESTIMATES 

In this section we establish a covering lemma of Besicovitch type. Using this lemma, 
we prove a covering theorem for boundary sections and derive a global strong-type p - p 
estimate for the maximal function. Our results extend those in HCGIB where interior 
sections are considered. We begin with the proof of Lemma 1231 

Proof of Lemma 1231 We may assume that M = sup{f : S(x, t) e f). Let us first consider 
the family 

M 

r := {S(x, t) e r : — < t < M\ and A := {x : S(x,t)e T }. 

Pick S(xi, t\) 6 To such that t\ > 3M/4. If A c S(xi, h), we stop. Otherwise, the set 

It: S(x,t) £ To and x £ A \ S(jci,£i)J 

is nonempty and we let a 2 denote its supremum. Pick ? 2 in this set such that t 2 > 3a 2 /4, 
and let S(x 2 , t 2 ) be the corresponding section. We then have x 2 £ S(xi,t{) and t\ > 
3M/4 > 3or 2 /4 > 3* 2 /4. Again, if A C S(x u h) U S(x 2 ,t 2 ) we stop. Otherwise, we 
continue the process. As a result, we have constructed a family, possible infinite, which 
we denote by 

72 ={SG& with x j£Ao\\Js(x%t^. 



14 



NAM Q. LE AND TRUYEN NGUYEN 



We next consider the family 
Ti :={S(x,t)eT: — <t< — } and A x := [x : S(x,t) e T\ andx g [JSC*?,/?)}. 



i=l 



We repeat the above construction for the set Ai and obtain a family of sections denoted 
by 

T[ = {S{x),t\))Z l with x}€Ai\|j5(^,^). 
We continue this process and in the fcth- stage we consider the family 



_ _ M M 

T k :={S(x,t)eT: ^ < t< -g] 



and 



|jc : S(jc, 6 7^ and x £ sections previously selectedj. 
In the same way as before, we obtain a family of sections denoted by 

^' = {5(4,^ with x k eA k \[js(x k ,t k ). 

><j 

We are going to show that the collection of all sections in all generations T'L k > 0, is 
the family that satisfies the conclusion of the lemma. 

Claim 1: The overlapping in each generation is at most k, where k depends only on 
p, A, A and n. To show this, let us suppose that 

zeS(44)n...nS(4,4), 

with S{x k ,,t k ) 6 T' k and j\ < j\ < ■ ■ ■ < Jn- For simplicity we set x k , = x h t k . = t,-, 
and let t be the maximum of all these f,-. Then, by the engulfing property of sections in 
Theorem 12. II we have 

N 

(5.16) \JS( Xi ,tdcS(z,9Jo). 

i=i 

For any / > i, as x\ t S (x h ti) we obtain from the separating property of sections in 
Proposition l2.2l that 

S(x h ^)nS( Xi , ^) = 0. 

Since 

M M 



2 m 1 ~ 2 k 
we then conclude that t\ > t /2 and thus 

(5.17) 5fe A)ns(x ( ,A) = ; 5te; ^_)nste,^) = 0. 
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Combining this fact with ( 15.161 ), we obtain 



N 



(5.18) £|S(*,^)|<|S(z,0.fb)|. 

,=i * 

Let Co be the universal constant in Corollary 12.41 If 6 Jo < c , then it follows from (15.181 ) 
and the volume estimates (12.61 ) that 

,n/2 



1=1 

and thus 

N<N X := ^2 n/2 el" /2 . 
C\ 

In the case 6Uo > c , then (I5.18I) implies 2^ l-SC*,-, ^)| < |Q| < |fi 1/p |. So by applying 
(12.6I) again, we get 

yielding 

n < N2 ■= ^-2 n/2 e 3 :' 2 . 

Therefore the overlapping in each generation T'! is at most k, where k : = max {N\ , N2}. 
Claim 2: The family T' k = {S(jef, <f)}^, is actually finite. Indeed, by Claim 1 

i 

and hence by integrating over Q we obtain 

Y^\S{^)\<k\Q\. 

i 

Note that M/2 k+i < t k . Therefore if we let a := min {M/2 k+1 , Co}, then it follows from the 
above inequality and Corollary I2.4l that 

YjCia" 12 <J]\S(x k ,a)\<K\Q\, 

i i 

implying that the number of terms in the sum is finite and Claim 2 is proved. 

From Claim 2 and our construction we get A k c U^ 1 5'(x^, t k ) and thus (?) holds. Also 
since each generation T k has a finite number of members, by relabeling the indices of all 
members of all generations T k ' we obtain (ii). 

In order to prove property (Hi), let x t # xj. If S(x h t { ) and S(xj, t } ) belong to the same 
generation, then S (xutj 'a)C\S (xj,tjj 'a) = by (15.171) . where a := 2Q 2 . On the other hand, 
suppose S (xt, tj) e T k ' and S (Xj, tj) e ^ for some p > 1 . Then, by construction, Xj <$. 
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S(x h ti) and so S(xj, ti/8%) D S(x t , tJOl) = by the separating property in Proposition 12.21 
Since ti > tj, this gives S(xj, tj/6%) n S(xj, tj/6l) = and so (Hi) is proved. 

Claim 3: Assume < r < cq. Then the number of sections S(x, t) in the family 
{S(xk, tk)} with t > r is bounded by a constant N depending only on r,p, A, A and n. To 
see this, let us denote this subfamily of sections by {S(x k , t k )} keI . Then by using property 
(Hi) and Corollary 12 .41 we obtain 



l*i I > \n\ > | (Jsfe, S\ = V \s( Xk , f ±)\ > V |s(x,, -)| > V c^-f 2 

kel kel kel kel 



Thus the number of elements in I is bounded by N := C^ l (ar~ l ) n/2 \Bi/ p \. 

We next estimate the overlapping of sections belonging to different generations. Let 
< e < 1 and 

(5.19) zef]s(x^(l-s)t^, 

i 

where e\ < e% < ■ • • , M2" (£i+1) < f r \ < M2~ ei , and for simplicity in the notation we set 
Xi = x e r '. and ^ = f r '.. Our aim is to show that the number of sections in (15.191 ) is not more 
than Clog -. We only need to consider s < 1 - - since otherwise the sections are disjoint 
by (Hi). Let r := mm{-r^^, ^g^,co}, where c is the constant in Lemma [331 and M\ is 
chosen as in the proof of Lemma |4~T1 Then by Claim 3 and in view of our purpose, we 
can assume without loss of generality that f, < r for all i appearing in (I5.19I ). Now for 
any j > i, we claim that 

(5.20) e,-e t < Clog-, 

s 

where C > depends only on p, A, A and n. In particular, the number of members in 
(15.191) is at most Clog -, which together with Claim 1 gives (iv) as desired. 

To prove the claim, observe first that by the engulfing property of sections in Theo- 
rem |2J] we have 

(5.21) S (xj, tj) c S (z, 6jj) and S (x h t t ) c S (z, 0Ji). 

Let S (z, h(z)) be the maximal interior section with center z when z is an interior point of 
£X The case z e dO. will be dealt with briefly at the end of the proof. We then consider 
the following possibilities: 

Case 1: Ojj < h(z). Then both sections S(Xi,tj) and S(xj,tj) axe interior sections and 
(15.201) follows from the proof in [[Gl Lemma 6.5.2]. We include the proof here for the 
sake of completeness. Let T be an affine map normalizing the section S(x h ti). Then since 
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tj > tj, by |[Gl Theorem 3.3.8], there exists E\ depending on p, A, A and n such that 

By construction xj <$. S(x h t { ) and hence by (GJ Corollary 3.3.6] we obtain 

B(Txj, Ce") n T(S(x t , (1 - s)td) = 0. 
We deduce from the above two relations that 

Cs n < \Txj - Tz\ < £i(-) £l < K x 2 ex 2 {e '~ e ' )Ex 

implying (15.201) . 

Case 2: B»U > h(z) and 9jj < h(z)/2. We can assume that Q. c R", dS(z,h(z)) is 
tangent to dQ. at 0, and 0(0) = V0(O) = 0. Then, by Proposition [23l we know that 

S(z,6Ji) cS(0,c9Ji). 

Let Mi be chosen as in the proof of Lemma |4~T1 and denote 

C := c6*Mi, h := Co?,-. 

Then h < k where k is the constant in the Localization Theorem 13.11 We use the notation 
as in Subsection [321 We rescale <p by 

<P{h ll2 A- h l x) 

<f>h(x) := 

h 

where A h is the linear map in the Localization Theorem l3.ll The function <p h is continuous 
and is defined in Q/, with Q/, := h~ 1/2 Af,Q., and solves the Monge-Ampere equation 

detD 2 0/, = g h (x), A < g h (x) := g(h l!2 A h x x) < A. 

The section at height 1 for 0/, centered at the origin satisfies S# h (0, 1) = /r 1/2 A/,S (h), and 
by the localization theorem we obtain 

fl Jk nn fc cs^(o,i)cflj: 1 . 

Let T := h~ 1/2 Ai t . Due to our assumptions 

6jj < h(z)/2 < CqU = h, 

the section S ^ h (Tz,9jj/h) = T(S(z,0jj)) is an interior section of (p h in 5^,(0, 1). There- 
fore, from the proof of [US Theorem 3.3.8], we find s\ depending on p, A, A and n such 
that 

S, h (Tz,pf)cB(Tz,K(^r). 
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Thus, by recalling (15.211 ), we obtain 

(5.22) \Tx j -Tz\<K 1 {^-f\ 
We have 

Tx h Txj, Tz 6 T(S(z, 6Jd) c T(S(0, cGJd) = 5^,(0, ^) = 5^(0, ^-). 

Lot) Mi 

By Lemma 13.31 (a), (ph also satisfies the hypotheses of the Localization Theorem 13.11 in 
S^(0, 1). Hence, by (13.91) . Txu Txj, Tz belong to 5(0, c). As a result, we obtain from 
Lemma [331 (b) that, 

(5.23) |V&(r*0|,|V&(w)| <c\logc\ 2 

for any w e [Txj, Tz]. Since Txj £ T(S(Xi, ti)) = S^XTxi, ^), we have 

— < 4>h{Txj) - <p h {Txi) - V(f> h (Txi) ■ (Txj - Txd. 
Co 

By rewriting the above right hand side in the form 

MTz) - </>h(Txj) - VMTxd ■ (Tz - T Xi ) + MTxj) - cf> h (Tz) - V(f> h (T Xi ) ■ (T Xj - Tz) 
and using the fact that Tz e T{S(Xj, (1 - e)f,)) = S<p h {Txu -^), we obtain 

(5.24) < ^ + MTxj) - (phijz) - VMTxd ■ (Txj - Tz) < + C\T Xj - Tz\ 
Co Co Co 

where (15.231) is used to obtain the last inequality. It follows from (15.221) and (15.241 ) that 

e < C\Tx: - Tz\ < C(^f < C2 (e '^ )e ' 
U 

giving (15.201) . 

Case 3: 9,t t > h(z) and Ojj > h(z)/2. We can assume that Q. c R", dS(z,h(z)) is 
tangent to dQ. at 0, and 0(0) = V0(O) = 0. Then Proposition [2]3] gives 

S (z, 6jj) c S (0, c8jj) and S (z, 6U ( ) c S (0, cOJi). 

Let C , h, (ph and T be defined as in Case 2. By Lemma 13.31 (a), (ph also satisfies the 
hypotheses of the Localization Theorem 13.1 1 in S<p h (0, 1). By this theorem and (13.91 ), we 
have 

T(S(z,ejj)) c T(S(0,C Q tj)) = 5^(0, % c b(0, K{jf\ 

ti ti 

as we can assume tj/U < k to prove (15. 201 ). It follows that 

\T Xj -Tz\ < 2K(^y. 

ti 
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We infer from this and the same estimate as (15.241 ) that 



e < C(-)* < C2* (e, ~ ej) 

ti 



giving (15.201) . 



Finally, we remark that when z in (15.191) is a boundary point of Q., say e d£l where 
Q. c R" , then we also obtain (15.201) exactly as in Case 3 of the interior points. Thus the 
proof of the lemma is complete. □ 

With the help of Lemma [231 we are able to give the proof of the covering theorem. 

Proof of Theorem \Z6\ Let < \x < 1/2 be arbitrary. By applying Lemma 1231 to the 
family T := {S(x, t x )} xe o, there exists a countable subfamily, denoted by {S (xk, tk)]™ =v 
such that O c U£Li S(x k , t k ) and 

CO ^ 

(5-25) J]xs( Xk ,(i-»)t k )(x) <K\og- 

k=\ V 

Let us write S k for S (x k , h) and S k for S (x k , (1 - fj)tk). Then we have 



\0\ = \On Uf j^tl = lim \Onu" =l S k \ < limsup Y \OnS k \ = e lim sup Y \S 



AT iV 

IC £l 



Moreover, by the doubling property in Lemma |6j](ii), we get 

\S k \ < C \S(x k , |)| < C \S(x k , (1 - /u)t k )\ = C |S£|. 

Therefore, 

N 

(5.26) |0| < Ce lim sup Y \S$\. 

Next let n^(x) be the overlapping function for the family {S^}^ as in the proof of llGl 
Theorem 6.3.3], that is, 



rf N (x) : 

Then 



ii /\ ._ j 1 • * J fc=i 

2V 



1 

w = To) Z* 5 * (x) 

"atw k=l 



and n^(jc) < ^ log ^ by (15.251) . and hence 
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n _ 1 n i r i N 

Yj\ S k\ = n N^^rr:YjXsl{x)dx<K\og- -y— Yvs^dx 



= iHog- f ^ s Kx)Jx = J fiTlog-|uf =1 ; 
^ Jfi 



1 

We infer from this and (15.261 ) that 



\0\ < CKslog - | U~ , S M k \ for all < /u < 1/2. 

By choosing > such that log - = 1 /(CK y/s), we obtain («) as desired. □ 

We end this section by establishing some global estimates for the maximal function 
with respect to sections. The proof is based on the covering lemma (Lemma [231) and the 
standard method. 

Proof of Theorem 12771 Let Ap := {x e Q. : M{f){x) > 0} and M be the constant in 
Lemma [3741 By Lemma [3741 we have 



J-t: f \f(y)\dy = T^- f \f(y)\dy Vt>M 



which implies that 

M(f)(x) = sup 1 f |/(y)|<fy V*eQ. 

/<M |o ,p(X, t)\ Js^xj) 

Therefore for each x e Ap, we can find t x < M satisfying 

, g / f \m\dy>p. 

\^4>\X, l x )\ JS$(x,t x ) 

Consider the family {S <p(x, 2t x )}. Then by Lemma [2751 there exists a countable subfamily 
{S <p(x k ,2t k )} k such that A p c \J k S ^(x k ,2t k ) and Zfc^(«,(i-e)2y O) < C log ± for every 
< e < 1 /2. In particular, 

lA^I <J]|,S,(**,2fc)| < C^|5 (x,,^)| < C^|5 fe,(l -6)2^)1 

yfc * * 

noting that |5^(^, 2^)| < C |S^(x fc , ^)| by the doubling property in Lemma l67f1 (ii). But as 

p < t~ r i/oi ^ < — f r i/ooi ^, 
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we conclude that 

\M * - R E f ^ = § Z f ^o*.a-^)O0 l/(y)l ^ 

P ^ Js^(^,(l-e)2ft) P ^ Jn 

C r C log - r 

= « >,^s # (.t*,(i- C )2ft)(y) I/O0I rfy ^ — ^— \f(y)\dy. 

P Jn ^ P Jn. 

Thus we have proved the weak-type 1-1 estimate in (i). This together with the obvious 
inequality ||A1(/)||z,»(n) < ll/llz,°°(n) an d me Marcinkiewicz interpolation lemma (see The- 
orem 5 in [|Stl Page 21]) yields the strong-type p - p estimate in (ii). Alternatively, (ii) 
can be obtained by using the same arguments as in the proof of [|Zl Theorem 2.8.2]. □ 

6. QUASI- DISTANCE AND SPACE OF HOMOGENEOUS TYPE 

In this section we will introduce a quasi-distance d induced by sections of solutions 
cp to the Monge- Ampere equation in Q. Moreover, we show that (Q.,d,p.) is a space of 
homogeneous type, where p := det D 2 (f>dx is the Monge- Ampere measure. We begin 
with the following simple lemma. 

Lemma 6.1. Assume that the convex domain Q and the convex function (f> satisfy (12.31) - 
(12.51) . For all x e Q and t > 0, we have 

(i) ify e S (x, t), then S (y, t) c 5 (x, d\t); 

(ii) IS O,20l < C\S(x,t)\. 

Here 6* is the engulfing constant and C depends only on p, A, A and n. 

Proof. If y e S(x, t), then x e S(x,t) c S(y, 6 J) by Theorem I2TT1 By applying again the 
engulfing property, we obtain S(y, 9j) c S(x, 6 2 t) which gives ii). 

To prove the doubling property (//), let Co be the universal constant in Corollary 12.41 If 
It < Co, then (ii) follows from the volume growth given by Corollary 12.41 Now assume 
It > Co. Then we have 

\S(x, 2t)\ < \n\ <\B 1 \ = CC&f <C\S(x, %\ <C\S(x,t)\, 
p 2 2 

where the third inequality is by Corollary 12.41 The proof is thus complete. □ 

Let Q c R" be a convex set and (p e C(Q) be a convex function. We define a function 
d : Q. x Q — > [0, oo) by 

(6.27) d(x,y) := inf {r > : x e S $(y, r) and y e S^x, r)} Vx,y e Q,. 
Also the induced J-ball with center xeO and radius r > is given by 

B d (x,r) :={y£n: d(x,y) < r}. 
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The next result is the boundary version of that in [|AFT[ Section 3] where interior sections 
are considered. 

Theorem 6.2. Assume that the convex domain Q and the convex function (f> satisfy (12.31) - 
(12.51) . Let d : Q x Q. — > [0, <x>) be defined by (16.271) . Then the function d satisfies 

( i) d(x, y) = d(y, x) for all x, y e Q; 

(ii) d(x,y) = if and only if x = y; 

(Hi) d(x,y) < Q 2 [d(x,z) + d(z,y)] for all x,y,z& Q. 
In addition, we have 

(6.28) S ^x, ^) c B d (x, r)cS ^x, r) 

for all x e Q. and r > 0. Here 6 t > 1 is the engulfing constant given by Theorem \2.1\ 

Proof. The theorem follows from Lemma 1 and Lemma 2 in HAFTH with K := provided 
that the following four conditions are satisfied: 

(a) C\r>oS </>(*> r) = 14 for every x e D; 

(b) \J r >oS<f,(x,r) = Q, for every x e Q.; 

(c) for each x e Q, the map r h-» S$(x, r) is nondecreasing in r; 

(d) for any y e S^x, r), we have S#(x, r) c S^(y, 6 2 j) and 5 (y, r) c S^(x, (%r). 
Observe that (b) holds by Lemma I3~4l and (c) is obvious. On the other hand, property 

(d) is a consequence of Theorem 12.11 and Lemma |6j](i). 

To verify (a), it suffices to show that f] r>Q S^(x, r) c {x}. First, we consider the case x 
is a boundary point of Q,. Then, by (13.91) , we have 

f^S (ll (x,r)<zf]B(x,Cr 1/4 ) = {x}. 

Now, consider the case x is an interior point of Q,. Let x, e C\ r>0 S$(x, r). Then <p{x) < 
<p(x) + V(p(x) ■ (x - x) + r for every r > 0. It follows that 

(p(x) = <p(x) + V0(x) ■ (x - x), 

that is, the supporting hyperplane z = 4>{x) + V(p(x) ■ (y - x) touches the graph of <f> at both 
x and x. Since Q. and (p satisfy (I2.3I) - (I2.5I) . (p is C l,a on the boundary dQ. for all a e (0, 1) 
as observed in ULSl Lemma 4.1]. In fact, we have for all x e dQ. and for all x in Q. close 
to x Q , 

|0(x) - <p(xo) - V(p(x ) ■ (x - x Q )\ <C\x- x q \ 2 (log \x - x \) 2 . 

Consequently, by Caffarelli's Localization Theorem HC1L we know that <p is strictly con- 
vex in Q.. Therefore, we infer that x = x and so property (a) is proved. □ 
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It follows from properties (z) - (Hi) in Theorem 16 .21 that J is a quasi-distance on Q. and 
(Q, d) is a quasi-metric space. Moreover, as a consequence of Lemma |6j](ii) and (16.281) 
we obtain the following doubling property for J-balls: 

\B d (x, 2r)\ < \S (x, 2r)\ <C\S (x, ^)| < C \B d (x, r)\ for all x e Q. and r > 0, 

where C depends only on p, A, A and n. Thus, (CI, d, \ ■ |) is a doubling quasi-metric space 
and hence it is a space of homogeneous type; see IICWl Remark on p. 67]. We refer 
readers to HCW[ IDGLl for some results and analysis on this type of spaces. 
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